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Abst rac t - - In  this paper, we introduce and study the concept of semistrictly convex fuzzy sets. 
We also prove that for the upper semicontinuous case, the class of semistrictly convex fuzzy sets lies 
between the convex and strictly convex classes. In addition, sufficient conditions for strict convexity 
are given, and important connections between these convex fuzzy sets are presented. (~) 2004 Elsevier 
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1. INTRODUCTION 
Convex fuzzy sets were introduced by Zadeh [1], in which a fuzzy set /~ : R n -~ [0, 1] is called 
,convex if 
#(Ax + ( I  -- A)y) >_ min{#(x) ,#(y)},  (1.1) 
for all x, y C supp(#) = {t C R n : #(t) > 0}, A E (0, 1). However, when maximizing a fuzzy 
decision (for details, see [2]), such a convexity does not ensure that  a local maximizer is a global 
maximizer. This leads to a more restrictive concept of fuzzy convexity as in [3], which ensures 
that  a local maximizer is also a global maximizer as shown in [4]. 
In this paper, a fuzzy set t~ : R~ -~ [0, 1] satisfying (1.1) will be called quasi-convex, and strictly 
quasi-convex if strict inequality holds for all x, y E supp(~), x ~ y, and A E (0, 1). 
We shall say a fuzzy set # : R"  - .  [0, 1] is convex if 
#(Ax -F ( i  - A)y) > A#(x) + (I  - A)#(y), 
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for all x, y E supp(#), ~ E [0, 1], and strictly convex if strict inequality holds for all x, y E supp(#), 
x ~ y, and A E (0,1). 
It is easy to verify that every strictly convex fuzzy set is convex and strictly quasi-convex, 
and that every convex (or strictly quasi-convex) fuzzy set is quasi-convex. Hence, strictly convex 
fuzzy sets, convex fuzzy sets, and strictly quasi-convex fuzzy sets are all quasi-convex. 
It can easily be checked that the support supp(#) of any quasi-convex fuzzy set # : R ~ ~ [0, 1] 
is a convex (crisp) set in R ~. Thus, we conclude that any of the aforementioned fuzzy sets has 
convex support. 
In this paper, we restrict ourselves to fuzzy sets on the n-dimensional Euclidean space R n. 
Denote by 9r(R n) the set of all nonempty fuzzy sets in R n. For #1, #2 E ~'(R~), the intersection 
of #I and #2, denoted by/zl A #2, is defined for all x E R ~ by 
(#1 A #2)(x) = min{#l(x), #2(x)}, (1.2) 
where the right-hand side of (1.2) denotes the minimum of #l(x) and #2(x). 
Motivated both by earlier research works [3-8] and by the importance of the concept of con- 
vexity, we introduce and study the concept of semistrictly convex fuzzy sets in this paper. We 
also prove that for the upper semicontinuous case, the class of semistrictly convex fuzzy sets 
lies between the convex and strictly convex classes. In addition, sufficient conditions for strict 
convexity are given, and important connections between these convex fuzzy sets are presented. 
2. PREL IMINARIES  
For convenience in reading, several definitions and results without proof from [3,6,9] will be 
listed below. 
An a-level set of a fuzzy set/~ : R ~ --* [0,1] is defined as 
{ {xER~i#(x)  ka} ,  i fO<a<l ,  
[#]~ = cl(supp(#)), if a = 0, 
where cl(supp(#)) denotes the closure of supp(#). It is easy to verify that a fuzzy set # E ~(R n) 
is quasi-convex if and only if its a-level sets are convex for each a E (0, 1]. 
DEFINITION 2.1. A fuzzy set # E ~(R  ~) is said to be upper semicontinuous at a point x E 
supp(#) if for any e > O, there exists a 5 > 0 such that 
< + 
for all y e supp(tt) and Iiy - xll < 5. # : R ~ --~ [0, 1] is said to be upper semicontinuous if it is 
upper semicontinuous at each point of its support. 
REMARK 2.1. It can easily be checked that a fuzzy set/~ C ~T'(-R n) is upper semicontinuous if 
and only if its a-level sets are closed subsets of its support for each a E (0, 1]. 
DEFINITION 2.2. A fuzzy set # E ~(R  n) with convex support is said to be 
(1) semistrictly convex if for all x, y E supp(#), #i x) y~ #(y) and A E (0, 1), 
(2) semistrictly quasi-convex if for nil x, y E supp(#), #(x) ¢ #(y) and A E (0,1), 
/z(Ax + (1 - A)y) > min{p(x), #(y) }. 
Comparing the definition of a semistrictly quasi-convex (or strictly convex) fuzzy set with the 
definition of a semistrictly convex fuzzy set~ it can be seen that any semistrictly convex fuzzy 
set is semistrictly quasi-convex (but not vice versa) and that any strictly convex fuzzy set is 
semistrictly convex (but not vice versa). 
Finally, we recall the following. 
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THEOREM 2.1. (See [6, Theorem 3.3].) Let # 6 ]:(R ~) be upper semicontinuous with convex 
support. I f  for alI x, y 6 supp(#), there exists a A 6 (0, 1) such that 
#(Ax H- (1 - A)y) > A#(x) + (1 -- ,~)#(y), 
then # is convex. 
3. MAIN  RESULTS 
We have seen that the support of a convex fuzzy set is a convex (crisp) set. Clearly, if {#j : 
j E J} is an arbitrary collection of convex fuzzy sets, then Nje J  supp(#j) is a convex (crisp) set. 
Let #1, #2,. . .  ,#k be fuzzy sets on R n, then it can be easily checked that 
supp #j = supp (#j).  
j=l  
The following theorem states that the intersection of a finite number of convex (respec- 
tively, strictly convex) fuzzy sets is a convex (respectively, strictly convex) fuzzy set. However, 
semistrictly convexity does not share this property as shown in Example 3.1. 
THEOREM 3.1. (See [3, Theorem 4].) I f  #j C :Tr(R"), j = 1, 2 , . . . ,  k, are convex (respectively, 
k (respectively, strictly convex) strictly convex) fuzzy sets, then the intersection/~j=l#J is a convex 
fuzzy set with 
supp (A~z j  / -- Asupp(#j )  • 
\jEJ / jEJ 
EXAMPLE 3.1. Let U(x) = min{#l(x), ~2(x)}, where #l and #2 are defined below: 
1 
# l (x )= ~, if x=0,  
1, if x ~ 0, 
1 i fx  1, 
m(x) = 2 '  
1, ifxT~ 1. 
By definition, #1 and #2 are semistrictly convex. However, 
1 i fx=0orx  1, 
= = 2 '  
1, i fx~0andx¢ l ,  
is not semistrictly convex, since for x = 0 and y = 2, #(x) < #(y), but 
1 1 / 1 1 
We have seen that every strictly convex fuzzy set is semistrictly convex and also convex. We 
discuss the relationship between convex fuzzy sets and semistrictly convex fuzzy sets by the 
following example. 
EXAMPLE 3.2. Consider the fuzzy set # : [-1, 1] --, [0, 1] defined by 
~(x)= 2' if x=0,  
1, if x 7~ 0. 
By definition, # is semistrictly convex. However, # is not convex, since for x = -1  and y = 1, 
.•(x) ---- #(y), but 
( 1 1 )  1 1 
If # is upper semicontinuous, however, as shown below, then semistrict convexity implies convex- 
ity. 
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THEOREM 3.2. I f  # E ~(R  n) is an upper semicontinuous semistrictly convex fuzzy set with 
convex support, then it is also convex. 
PROOF. Let x, y E supp(#). If it(x) # #(y), then by the semistrict convexity of #, we have 
+ (1 - > + (1 - 
for each ), E (0, 1). Now suppose that #(x) = #(y). To prove the convexity of t~, suppose on the 
contrary that # is not convex. Then, there exists an y E ( 0, 1) such that 
#(~x + (1 - ~/)y) < ~//~(x) + (1 - ~/)#(Y) = #(x) = #(Y). 
Let z = Ux + ( 1 - ~/)y. Since # is semistrictly convex, and #(z) < #(x), we have 
# (),x + (1 - A) z) > A#(x) + (1 - A) #(z) > it(z), for each A e ( 0, 1). 
By the upper semicontinuity of # at x, and since it(z) < #(x), there exists a ~/E ( 0, 1) such that 
#(z) < #(Tx + (1 - 7)z) < #(x) = it(y). (3.1) 
Notice that z can be represented as a convex combination of 7x + (1 - 7)z and y. Let zl = 
7x + (1 - 7)z. Then, we have 
z = ~zl + (1 - ~)y. for some ~ E (0, 1). 
Hence, by the semistrict convexity of # and since tt(zl) < #(y), we have 
#(z) > ~#(zl) + (1 - ~)#(y) > #(Zl) = ~(TX -~ ( 1 - "y)z), 
contradicting (3.1). This completes the proof. 
THEOREM 3.3. Let # E :F(R ~) be upper semicontinuous with convex support. I f  there exists a 
A E (0, 1) such that for all x, y E supp0z) with #(x) ~ #Cy), 
#(Ax + (1 - A )y )  > A / . t (x )  + (1  - A )#(y)  (3 .2 )  
holds true, then # is convex. 
PROOF. By Theorem 2.1, we need to show that for each x, y E supp(/z), there exists a 7 E (0,1) 
such that 
# (Tx + (1 - ~') y) >_ 7#(x) + ( 1 - 7)it(Y). 
Suppose, on the contrary, there exist 2, $ E supp(#) such that 
(a~ + (1 - a) z]) < a~ (~) + (1 - a)# (~]), for all a e (0, 1). (3.3) 
If #(~) ~ #(Y), according to (3.2), we must have 
# (A2 + (1 - A) Y) > A# (~) + (1 - A)/z (~), 
which contradicts (3.3). 
If #(~) --- #(~), then (3.3) implies that 
+ (1 - < = , (9 ) ,  
Let 
for all a e (0, 1). (3.4) 
1 >, ~ 1 
z = i - -~  + l--~z] and zl = i - -~  + l--~z]. (3.5) 
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Then, by simple algebraic manipulations, we obtain 
Z = AZ 1 -~ (1 -- A) ~ and 
]~¥om (3.4) and (3.5), we obtain 
~(z) < ~ (~) = ~ (9) and 
By (3.2), (3.6), and (3.7), we obtain 
/z(z) -- tz (Azz + (1 - A) ~) 
> A t (zz) H- (1 - A) # (~) 
= A/i (Az + (1 - A) 9)  + (i - )0 / l  (.~) 
> Ag#(z) + (A -- A 2) # (9) + (i -- A) # (~) 
= )~2tt(z ) + (1 - -  A 2) # (~) 
> ~(z )  + (i - ~) ~(z) 
= ~(z), 
which gives a contradiction. 
z~ = Az + ( I -  A) 9. 
(Zl) < , (~) = ~ (9).  
(3.6) 
(3.7) 
By the convexity of #, we have 
which together with (3.10), gives 
# (~) >/~(z) = 7/# (~) + (i -- ~7)/I (Y)- (3.11) 
Since tt(~) > #(z), from (3.8), we obtain 
tt (A2 + (1 - A) z) > A# (~) + (1 - A) it(z) > tz(z). (3.12) 
Since #(A~ + (1 - A)z) > #(z) and #(~) > #(z), from (3.8): we obtain 
# (A2o~ + (1 -- A2) z) = # (A(A~: + (1 - A)z) + (1 - A)z) 
> ),# (A~ + ( i  - A)z) + (1 -- )0#(z) 
> A(A# (~) + (1 - A)#(z)) + (1 -- A)#(z) 
= A2tz (~) + A(I - A)#(z) + (1 - A)/z(z) (3.13) 
= ~2~ (~) + (i - ~2) ~(z) > ~(z) 
~(Akx+(1--Xk) z)>Ak~(~)+(1--Ak)~(z)>~(z), V~EN, 
#(z) >_ ~#(~) + (1 - ~) #(9) ,  
(3.10) #(z) ~ n#(x) + ( I -  ~)#(9)  < #(x) .  
THEOREM 3.4. Let # E ~'(R n) be a convex fuzzy set. I f  there exists a A e (0, 1) such that for 
all x, y 6 supp(#) with #(x) =7/= #(y), 
~(~x + (1 - ~)y) > ~(x)  + (1 - ~) , (y )  (3.8) 
Jholds true, then/~ is semistrictly convex. 
PROOF. By contradiction, suppose that there exist ~, 9 e supp(tz), #(~) ¢ it(9), and ~ C (0, 1) 
such that 
, (~  + (1 - 7/) 9) < ~ (~) + (1 - ~) ~ (9). (3.9) 
Without loss of generality, we may assume that #(~) > #(9)- 
Let z = rl~ + (1 - n)9, then from (3.9), we obtain 
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where N is the set of all positive integers. From z = ~/~ + (1 - ~/)~, we have 
Ak~ + (1 - A ~) z = A~ + (1 - A ~) (~/~ + (1 -- ~/)9) 
= ( ,  - ~% + ~)  ~ + (i  - ,  + ~%-  A~) 9. 
Let k l  E N be such that 
A k~ 
1 --A 1 --7/" 
Let 
It can easily be checked that 
0</51 <1 
Let 
:~ =/sig: + (1 -/51)Y 
Then, by z = 7/~ + (1 - ~/)9, we get 
From (3.15), we obtain 
Ak~+ I Aki+l~ 
i ----7 + i ~  (3.14) 
and 0 </52 < 1. 
and *2 =/~22 + (I -/52)9. 
= 9~ + (i - /5 , )  9 = ~kl~ + (i - A k~) z. 
(3.15) 
(3.16) 
z = n~ + (1 - , )9  = ~5 + (1 - A),2, (3.17) 
and from (3.13) and (3.16), we obtain 
(5) = ~ (~kl~ + (1 - Akl) z) > ~(~). (3.18) 
(1) If #(~) _< #(.2), then from (3.17) and the convexity of #, we obtain 
~(z) = ~ (As + (I - ~),2) 
A# (5) + (I - A)# (*2) ~ # (x), 
which contradicts (3.18). 
(2) If t~(~) > #(.2), then from (3.17) and (3.8), we obtain 
~(z) = ~ (),~ + (i - ~) *2) > ),~ (~) + (i - A) ~ (.2). (3.19) 
Again, since 2 =/s ix  + (1 -/si)Y, .2 =/52x + (1 -/52)9, and ;i is convex, we have 
#(2) _>/5i# (~) + (1 - /5 i )# (9), (3.20) 
(*2) >/52t, (~) + (i - /52)  ~* (9). (3.21) 
According to (3.19)-(3.2i)  and (a.i4), we obtain 
# (z)  > AI* (5)  + ( I  - A) # (*2) 
- -  -~ (/51# (~') -}- (1 --/5i) # (Y)) + (1 -- A) (/521Z (0~) + (1 --/32) # (9)) 
= (A/51 "~- (i - A)/52) ~ (5) + (X (1 - /51)  J- (I -- A) (I --/52)) # (Y) 
= ,~ (~) + (i - ~) ~ (9), 
which contradicts (3.11). 
According to Theorems 3.3 and 3.4, we have the following corollary. 
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COROLLARY 3.1. Let # E ~(R n) be upper semicontinuous with convex support. If  there exists 
a A E (0, 1) such that for all x, y E supp(it) with it(x) ~ it(y), 
i t (Ax -F ( i  - A)y) > h i t (x)  -F (1 - A) i t (y)  
holds true, then it is semistrictly convex. 
THEOREM 3.5. Let it E ~(R  n) be a semistrictly convex fuzzy set with convex support. If  there 
exists a A 6 (0, 1) such that for a/ /x,  y E supp(it) with x # y, 
it()~x -F (1 - )~)y) > A#(x)  H- (1 - /k ) i t (y )  (3.22) 
holds true, then it is strictly convex. 
PI~OOF. Since it is a semistrictly convex fuzzy set, it suffices to show x, y E supp(it) with x ~ y 
and it(x) = it(y) implies that  
it(ax + (1 - s )y )  > s i t (x)  + (1 - a) i t (y) ,  for all s E (0, 1). 
Let x, y E supp(it) with x # y and It(x) = it(y). Then, by (3.22), we have 
i t (Ax + (1 - A)y) > A#(x)  + (1 -- A)/~(y) = i t (x)  = i t (y) .  
Let • -- £x + (1 - A)y, then for each a E (0, 1), we have the following. 
(1) If s > A, we have ax + (1 - a )y  = Vx + (1 - V)2, for some 7 E (0, 1). By the semistrict 
convexity of it and since it(~) > it(x), we have 
#(sx  + (i  - s)y)  ---- it(Vx + (1 - 7):~) 
> "/it(x) + (1 -- V)it (2) 
> ~,(~) 
= s i t (x )  + (1 - c~)#(y) .  
(2) If s < )~, we have sx  + (1 - a )y  = ~2 ÷ (1 - U)y, for some q E (0, 1). By  the semistrict 
convexity of it and since it(2) > it(y), we have 
#(sx  + (1 - s )y )  = # (7/2 H- (1 - 7/)y) 
> ~/#(~)  + (1 - ~ / )#(y)  
> i t (y)  
= sit (x)  -P (1 - -  s) it(y).  
This completes the proof. 
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